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EFFECT OF REDUCED COMPUTER PRECISION ON A MIDCOURSE 
NAVIGATION AND GUIDANCE SYSTEM USING OPTIMAL 
FILTERING AND LINEAR PREDICTION 
By Leonard A. McGee 
Ames Research Center 
SUMMARY 2 / d  3 9 
Reduced prec is ion ,  defined as the  use of  computer words whose prec is ion  
i s  l e s s  than the  maximum s ingle  prec is ion  length of 27 binary b i t s ,  i s  
appl ied t o  the  lunar midcourse navigation and guidance scheme previously 
reported i n  NASA publ ica t ions  TR R-135 and TN D-1208. With the  same computer 
program, t h e  evaluat ion i n  t h i s  repor t  was based on t h e  outbound l e g  of an 
earth-moon t r a j e c t o r y .  
r e c t i o n s  w a s  executed each time t h e  t r a j e c t o r y  w a s  t raversed  with the  p r e c i -  
s ion  reduced i n  one or more of t h e  following areas :  
t r a j e c t o r y ,  (2 )  t he  optimal f i l t e r ,  (3)  t h e  space-angle computations, (4) t h e  
t r a n s i t i o n  matrix,  or ( 5 )  t he  guidance equations. 
down t o  t h e  l e v e l  of prec is ion  a t  which t h e  estimated t r a j e c t o r y  could no 
longer be in tegra ted  numerically. 
A f ixed  schedule of 45 observations and 3 ve loc i ty  cor- 
(1) the  estimated 
This procedure w a s  followed 
The mathematical operations embodied i n  t h e  optimal f i l t e r  a r e  shown t o  
be e s s e n t i a l l y  unaffected by the  reduced prec is ion  over t he  range s tudied.  
This invariance,  as determined by the  behavior of t h e  covariance matr ix  of t h e  
guidance e r r o r s  i n  t h e  estimated s t a t e ,  F, does not Lnply t h a t  P i s  a cor- 
r e c t  representa t ion  of t he  e x i s t i n g  n i c e r t a i n t i e s .  
i s  reduced, t h e  u n c e r t a i n t i e s  indicated by the P matrix become an increas-  
ing ly  conservative representa t ion  of those t h a t  a c t u a l l y  e x i s t .  This i s  due 
t o  t h e  f a i l u r e  of t h e  e r r o r  propagation model t o  account f o r  t h e  increased 
e r r o r s  i n  t h e  estimated s t a t e  t h a i  cjcc-iii &-iring t h e  t r a m i t i s n  perinc? between 
observat ions and v e l o c i t y  cor rec t ions .  
account f o r  t h e  increased e r ro r s ,  as i n  t h i s  study, it i s  shown t h a t  t he  opt i -  
m a l  f i l t e r  w i l l  give t o o  low a weight t o  the information gained from space- 
angle observat ions.  
s t a t e  may, f o r  la rge  p r e c i s i o n  reductions,  accumulate u n t i l  t h e y  a r e  exces- 
s i v e l y  l a rge .  
reduced because they are dependent on the  estimate of t h e  v e h i c l e ' s  state and 
on a p r e d i c t i o n  matr ix  which p r o j e c t s  the  e r ro r s  a t  any time i n t o  e r r o r s  a t  
t h e  f i n a l  t ime. This i s  shown t o  be due, at  l e a s t  i n  p a r t ,  t o  t h e  degradation 
of t h e  p r e d i c t i o n  matr ix  which, i n  t h e  lower p r e c i s i o n  cases,  w a s  a f fec ted  t o  
t h e  ex ten t  t h a t  t he  determinant of one of i t s  submatrices became negative near 
t h e  end of t h e  t r a j e c t o r y .  
I n  f a c t ,  as t h e  prec is ion  
When no cor rec t ions  a r e  made t o  
The r e s u l t i n g  e r r o r s  i n  t h e  est imate  of t h e  v e h i c l e ' s  
Velocity cor rec t ions  a r e  more poorly done as t h e  prec is ion  i s  
. 
w m 
INTRODUCTION 
References 1 and 2 p re sen t  t h e  r e s u l t s  of a d i g i t a l  computer simulation 
The Kalman-Schmidt of t h e  midcourse phase of a circumlunar navigation study. 
optimal f i l t e r  (refs.  2,  3, and 4) i s  used t o  process  simulated pi lot-observed 
data (derived from t h e  space geometry angles  r e l a t i n g  t h e  vehicle  t o  t h e  earth 
and the moon) i n  order t o  produce an optimal estimate of t h e  v e h i c l e ’ s  posi-  
t i o n  and ve loc i ty .  With t h i s  information and a t r a n s i t i o n  matrix r e l a t i n g  
end-point deviat ions t o  p re sen t  deviat ions and knowledge of t h e  state of a 
reference t r a j e c t o r y ,  t h e  system computes and makes v e l o c i t y  co r rec t ions  i n  
the attempt t o  guide t o  a f i x e d  end p o i n t  a t  a given time. 
In  c e r t a i n  s i t u a t i o n s  it i s  des i r ab le  t o  simulate a l l  o r  p a r t  of t h e  
midcourse navigation on a d i g i t a l  computer which uses  words of l e s s  p r e c i s i o n  
t h a n  the 27 b i n a r y  b i t s  used i n  t h e  s t u d i e s  reported i n  references 1 and 2 .  
For an i n t e l l i g e n t  choice of word length,  it i s  necessary t o  know t h e  degrada- 
t i o n  of performance due t o  decreased accuracy. 
t o  provide t h i s  information and a t  t h e  same time t o  determine whether t h e  
o r i g i n a l  s t u d i e s  were done with words of s u f f i c i e n t  p rec i s ion .  
It i s  t h e  aim of t h i s  r e p o r t  
SYMBOLS 
a column matrix of deviat ions i n  observed angles  
A p r e d i c t i o n  matrix:  a t r a n s i t i o n  matr ix  r e l a t i n g  deviat ions a t  t h e  
end p o i n t  t o  present  deviat ions 
3 X 3 submatrices of A 
F matrix of p a r t i a l  derivatives of the  equat ions of motion wi th  r e spec t  
t o  t h e  s ta te  v a r i a b l e s  
H matr ix  r e l a t i n g  observed angles  and veh ic l e  s t a t e  
I i d e n t i t y  matlrix 
K weighting matr ix  
N[cl ,02]  normally d is t r ibu ted  wi th  mean p and var iance o2 
P covariance matrix of es t imat ion  e r r o r  vector  , 
P‘ value of P af ter  an observat ion 
pi'p2J} 3 X 3 submatrices of P 
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observat ional  e r r o r  vector  
covariance matrix of t h e  observat ional  e r r o r s ,  E[qqT] 
pos i t i on  deviat ion from reference 
e r r o r  i n  estimate of r 
estimate of r 
root  mean square 
p o s i t i o n  vector  ( subsc r ip t s  i nd ica t e  o r i g i n  and end) 
magnitude of R 
e a r t h  rad ius  
moon r ad ius  
genera l  time arguments 
end-p o i n t  time 
time of t h e  k t h  observation 
ve loc i ty  devia t ion  from reference 
estimate of 7.r 
e r r o r  i n  es t imate  of v 
r m s  
ve l o  c i t y  -ve c t o r  i nc  r eme n t  t o  be  g aine d 
magnitude of AVG 
s i x  vector  of p o s i t i o n  and ve loc i ty  deviat ion from a reference 
- 
uncer ta in ty  of ind ica ted  veloci ty  cor rec t ion  
t ra j e e t  ory 
es t imate  of x 
e r r o r  i n  estimate of 
space p o s i t i o n  coordinates  
observat ion of space angles,  Hx + q 
es t imate  of y; J& 
x, x-2 
3 
. 
a dec l ina t ion  of observed body 
P r i g h t  ascension of observed body 
Y one-half subtended angle of observed body 
a increment 
0 s tandard  devia t ion  of subscr ipt  random var iab le  
O ( t 2 ; t l )  t r a n s i t i o n  matr ix  r e l a t i n g  s t a t e  a t  t, t o  s t a t e  a t  t, 
Notation Conventions 
( ' 1  f i r s t - t i m e  der iva t ive  of ( ) 
m 
( > "  t ranspose of matr ix  ( ) 
( 1 - =  inverse  of matr ix  ( ) 
E[ 1 expected value of [ ] 
t r a c e  [ ] sum of the  diagonal elements of [ ] 
Sub s c r i p t s  
end po in t  
e a r t h  
a t  t h e  k t h  observation 
moon 
SUn 
vehicle  
COMPUTER PROGRAM FOR SIMULATION 
General Descr ipt ion 
The d i g i t a l  computer program used i n  t h i s  study i s  a modified vers ion of 
t he  FORTRAN I1 program f o r  t h e  midcourse navigat ion s tud ie s  reported i n  
references 1 and 2. 
The reference mission assumed f o r  t h i s  study i s  t h e  outbound l e g  of an  
earth-moon t r a j e c t o r y  requi r ing  about 78 hours f o r  completion. Imperfect 
4 
i n j e c t i o n  condi t ions f o r  t h e  space vehicle  are assumed, and it i s  t h e  func t ion  
of t h e  navigation and guidance system t o  cause t h e  space vehic le  t o  a r r i v e  a t  
t he  reference end po in t  wi th  a minimum of pos i t i on  e r r o r .  To determine pos i -  
t i o n  and ve loc i ty  t h e  navigation system w i l l  process  observations of t h e  e a r t h  
and moon made from the  vehicle  a t  preselected t imes.  A s  a resu l t  of t h e  knowl- 
edge gained from the  observations,  t he  system w i l l  generate  an est imate  of 
t h e  s ta te  (pos i t i on  and ve loc i ty ) .  
ance system w i l l  make imperfect cor rec t ions  t o  t h e  vehicle  ve loc i ty  i n  an 
attempt t o  cause t h e  vehicle  t o  a r r i v e  a t  the reference end po in t  (pe r i lune ) .  
On the  bas i s  of t h i s  estimate, t h e  guid- 
Twenty- seven second-order ordinary d i f f e r e n t i a l  equat ions comprising 
th ree  t r a j e c t o r i e s  and s i x  sets of t h ree  per turba t ion  equat ions are in t eg ra t ed  
simultaneously. The in t eg ra t ion  subprogram u t i l i z e s  a fourth-order  Runge- 
Kutta method f o r  s t a r t i n g  and a Cowell "second-sum" method based on s i x t h  d i f -  
ferences f o r  cont inuat ion.  Double p rec i s ion  i s  used i n t e r n a l l y  t o  con t ro l  
round-off e r r o r .  
The t h r e e  t r a j e c t o r i e s  are (1) t h e  previously determined reference tra- 
jec tory ,  ( 2 )  the a c t u a l  t r a j e c t o r y  giving the t r u e  state of the space vehicle ,  
and (3) t h e  estimated t r a j e c t o r y  giving the current  estimate of t h e  vehic le  
s ta te .  Comparison of these  th ree  t r a j e c t o r i e s  allows eva lua t ion  of changes i n  
t h e  system performance r e su l t i ng  from t h e  reduction of p rec i s ion  i n  c e r t a i n  
spec i f ied  a r e a s  of computation. 
Program Areas i n  Variable Prec is ion  
I n  order  t o  study the e f f e c t s  of reduced p rec i s ion  i n  the var ious 
po r t ions  of the computations, f ive masks were developed which allowed indepen- 
dent con t ro l  of t h e  p rec i s ion  of each of t he  por t ions .  
The f i v e  l e v e l s  of p rec i s ion  maintained with t h e  masking technique are 
i n  add i t ion  t o  t h e  normal 27-bi t  p rec i s ion  o f  t h e  IBM 7094. 
conjiinction wi th  the  optimal f i l t e r  and i t s  weighting matr ix .  Mask 2 i s  used 
t o  con t ro l  t h e  p rec i s ion  of t h e  estimated t r a j ec to ry .  
p rec i s ion  of the  space angles  computed from the  estimated s t a t e  and the  space- 
angle geometry. F, t h e  per turba-  
t i o n  equat ions,  and t h e  t r a n s i t i o n  matrix,  0. Mask 5 cont ro ls  t h e  p rec i s ion  
with which t h e  p red ic t ion  matrix,  A ,  i s  updated, t h e  p rec i s ion  of t h e  guidance 
equat ion computations, and the  computations involved i n  the ve loc i ty  correc- 
t i o n  model used t o  implement a ve loc i ty  cor rec t ion .  F u l l  27-bit  p rec i s ion  i s  
used on those ca l cu la t ions  t h a t  provide information about t h e  performance of 
t h e  system and on ca l cu la t ions  involved w i t h  t he  a c t u a l  and reference t r a j e c -  
t o r i e s .  I n  add i t ion ,  t he  numerical in tegra t ion  subroutine used t o  in t eg ra t e  
t h e  equat ions of motion and t h e  per turba t ion  equations c a r r i e d  out i n t e r n a l  
computations i n  54 b inary  b i t  p rec is ion  (double p rec i s ion )  as mentioned before .  
This  w a s  t r u e  regard less  of the e f f e c t i v e  mantissa length of the second der iv-  
a t i v e s  computed from t h e  equations of mot ion  and the  pe r tu rba t ion  equations or 
t h e  i n i t i a l  conditioris.  A discussion of the masking operat ions used t o  reduce 
t h e  e f f e c t i v e  word length  i s  given i n  appendix A .  
Mask 1 i s  used i n  
Mask 3 con t ro l s  the 
Mask 4 cont ro ls  t he  prec is ion  of t h e  matr ix  
5 
, 
Processing an Observation 
The d i g i t a l  simulation of t h e  complete system i s  represented i n  f i g u r e  1, 
which also shows i n  dashed boxes those a r e a s  which are maintained a t  t h e  p re -  
c i s ions  spec i f i ed  by masks 1, 2, 3, 4 ,  and 5 .  A desc r ip t ion  of t h e  operat ion 
of t h e  system and t h e  equations used i s  given i n  t he  remainder of t h e  sec t ion .  
The c i r c l e d  numbers i n  t h e  t e x t  r e f e r  t o  corresponding numbers i n  f i g u r e  1 and 
a r e  used t o  show which of t h e  boxes i s  being discussed a t  t h e  moment. 
Updating t h e  t r a j e c t o r y . -  When an observation has been made a t  t i m e  t k  
and i s  t o  be processed, numerical i n t e g r a t i o n  of t h e  equations of motion i s  
i n i t i a t e d  0 f o r  t he  a c t u a l ,  estimated, and reference t r a j e c t o r i e s  simulta- 
neously. 
merely t h e  s ta tes  which e x i s t e d  a t  t h e  time of t h e  l a s t  observation, while t h e  
estimated t r a j e c t o r y  uses  t h e  new estimated s ta te  derived from processing t h e  
las t  observation. Also,  simultaneously wi th  0 t he  s i x f o l d  p e r t u r b a t i o n  
equations @ are in t eg ra t ed  numerically from t h e  t i m e  of t h e  las t  observation, 
t o  produce a t r a n s i t i o n  matr ix  0. tk- 1’ 
computer time equals t h e  time of t he  observation, t k ‘  
stopped and t h e  covariance matr ices  a r e  updated. 
I n i t i a l  conditions f o r  t h e  a c t u a l  and reference t r a j e c t o r i e s  a r e  
This process  continues u n t i l  t h e  
The i n t e g r a t i o n  i s  then 
Updating o f  t h e  covariance matr ices  P ( t k )  and Q ( t k ) . -  The updating opera- 
t i o n  on 
method requires the  assumption t h a t  s m a l l  deviat ions of s t a t e  a t  t i m e  
be obtained from a l i n e a r  combination of t h e  deviat ions a t  t h e  
t i c u l a r ,  when deal ing with t h e  dev ia t ion  
w r i t t e n  i n  matr ix  form as follows: 
P ( t k )  i s  accomplished through t h e  use of l i n e a r  p r e d i c t i o n .  This 
tk  Can 
tk - l .  I n  par-  
X(tk-l) ,  t h e  r e l a t i o n s h i p  m y  be 
where @ ( t k ; t k - l )  i s  t h e  t r a n s i t i o n  matr ix  from time tk-= t o  time tk. Sub- 
s t i t u t i n g  equation (1) i n t o  t h e  d e f i n i t i o n  
y i e l d s  t h e  fcllowing updating equation f o r  P ( tke l ) :  
The covariance matr ix  of t h e  observa t iona l  e r r o r s ,  a ( t k ) ,  i s  given by 
6 
.I t 
where 
of t he  observed body. 
cr2 = 100 + (0.001y)2 seconds of a r c  and i s  1/2 the  subtended angle 
Thus the  updating operations a t  @ consis t  of computing equation (3) 
and forming Q(t) .  
Determination of the  weighting matr ix  K ( t k ) . -  The next s tep  i s  t o  com- 
pute  the  H matr ix  followed by the  weighting matr ix  K ( t k ) .  The matr ix  H ( t k )  
i s  computed @ from the  reference s t a t e  values i n  t h e  form 
where the  p a r t i a l  der iva t ives  f o r  the  body being observed a re  given i n  t a b l e  I. 
The matr ix  K ( t k )  i s  then  computed @ from 
With K(tk)  known, t h e  P ' ( t k )  matrix i s  then computed 0 from 
P ' ( t k )  = P(tk) - K(tk)H(tk)P(tk)  (7) 
1 r e f l e c t i n g  t h e  change i n  P due t o  t h e  observation j u s t  processed; P ' ( t k )  i s  
then  s tored .  
time of t h e  next observation. 
The deiay u n i i  3 i-epi-eserits the  &=rage sf P'(t .k) imtil  t h e  
Two q u a n t i t i e s  a r e  derived from P' and a r e  used t o  assess  the  system's 
es t imat ion  performance. These two quant i t ies ,  rrmS and Trms, are t h e  standard 
devia t ions  of t h e  e r r o r  i n  estimating the  magnitude of t he  p o s i t i o n  and veloc- 
i t y  devia t ions  from t h e  reference.  They are  defined by 
.-" 
and 
,., 11 2 
r 
- 11 2 v r m s  = [ t r a c e  (P~')] 
= [ t r a c e  ( P ~ ' ) ]  r m s  
'The order  of matr ix  mul t ip l ica t ion  i s  from l e f t  t o  r i g h t .  It has been 
found t h a t  even 27 b i t s  i s  not s u f f i c i e n t  t o  preserve t h e  non-negative d e f i n i t e  
p rope r ty  of t h e  P matr ix  i f  the  order of mul t ip l ica t ion  i s  not preserved. 
7 
v 
where P,' and P4' a r e  3 X 3 submatrices of t h e  P'  matr ix  p a r t i t i o n e d  as 
follows : 
Formation of t h e  new estimated state.- I n  t h i s  system space-angle obser- 
vat ions c o n s i s t  of t h e  measurement of three angles  r e l a t e d  t o  t h e  body (earth 
o r  moon) under observation. These angles are u, the r i g h t  ascension; P ,  t h e  
decl inat ion;  and 7, 1/2 of t h e  angle subtended by t h e  body. 
The estimated angles  are computed @ from the  space geometry equations 
( t a b l e  11) using t h e  s t a t e  of t h e  estimated t r a j e c t o r y .  From t h e  same space 
geometry equations,  and using t h e  s ta te  of the a c t u a l  t r a j e c t o r y ,  t h e  a c t u a l  
angles  are computed @ .  
found and noise,  caled according t o  Q ( t k ) ,  i s  added. The r e s u l t  @ mult i -  
p l i e d  by X(tk) 
estimated s ta te .  This completes t h e  est imat ion process .  
The d i f f e rence  between t n e s e  two sets  of angles i s  
i s  added t o  t h e  estimated state @ t o  produce a new 
Computation of t h e  indicated v e l o c i t y  correct ion.-  I n  order  t o  provide 
i n - f l i g h t  ve loc i ty  co r rec t ion  c a p a b i l i t y ,  a p r e d i c t i o n  matrix,  A (  te; t k )  , which 
p r e d i c t s  t h e  end-point s t a t e  from t h e  present  state i s  computed @ from 
Since the i n i t i a l  p r e d i c t i o n  matrix, A ( t e ; t o )  , i s  an input  quant i ty ,  it i s  only 
necessary t o  update t h e  matrix a t  each observation. 
Q(tk;tk-l)-l from Q(t ;t ) .  
This r e q u i r e s  f ind ing  
k k - 1  
Because Q(tk;tk-,) i s  a symplectic matr ix  ( re f .  5 ) ,  it i s  inve r t ab le  
merely by rearranging terms and changing s igns .  
t i t i o n e d  i n t o  3 X 3 submatrices, t hen  
~ h u s ,  i f  (P(tk;tk-l) i s  par-  
and 
c J 
Therefore, t h e r e  a r e  no e r r o r s  i n  t h i s  invers ion  process .  
a 
t * 
With the  difference between t h e  estimated and reference s t a t e s ,  r  ^ and $, 
@ and t h e  updated p red ic t ion  equation (ll), t h e  ind ica ted  veloc- 
i t y  cor rec t ion ,  AVG, i s  computed 
The magnitude of AVG i s  
This concludes t h e  computation cycle  done a t  each observation and t h e  
computer i s  now ready t o  process  t h e  next observation unless  a ve loc i ty  correc-  
t i o n  i s  t o  be executed. I n  t h i s  case the  cor rec t ion  i s  made a f t e r  a time delay 
i n  order t o  simulate t h e  time required t o  or ien t  t h e  vehic le  along t h e  des i red  
t h r u s t  vector .  To accomplish t h i s  delay,  processes 0, 0 , and 0 a r e  
repeated u n t i l  t h e  computer time equals  t h e  time a t  which t h e  ve loc i ty  correc- 
t i o n  i s  t o  be made. 
repeated and computation con t ro l  i s  passed t o  a separate  program sec t ion  f o r  
t h e  performance of t h e  ve loc i ty  cor rec t ion  maneuver. 
A t  t h i s  time processes  0, @ , @ , and @ a r e  
Performing the  Velocity Correction Maneuver 
The flow l i n e s  represent ing ve loc i ty  cor rec t ion  increments are shown 
dashed i n  f i g u r e  1 t o  emphasize t h e  occasional nature  of t h e  ve loc i ty  correc- 
t i o n s .  
no p o s i t i o n  or time change need be accounted f o r  during t h e  maneuver. 
Also, t hese  cor rec t ions  a r e  assumed t o  occur instantaneously so t h a t  
Correct ion of t h e  a c t u a l  and estimated s t a t e s . -  The inputs  t o  t h e  veloc- 
i t y  co r rec t ion  model are AV, and t h e  random execution e r r o r s  which cons i s t  
of cu tof f  e r r o r  and po in t ingue r ro r .  
assumed t o  be random w i t h  normal d i s t r i l u t i o n  
cen t .  
dec l ina t ion .  
N[0,a2] where 
t h e  co r rec t ion  appl ied t o  t h e  a c t u a l  s t a t e .  
s t a t e  i s  t h e  measured value of t h a t  appl ied t o  a c t u a l  s t a t e .  
t h e  measuring device are assumed t o  be random with d i s t r i b u t i o n  
The cutoff e r r o r  f o r  t h i s  study i s  
?T[c,(g~v)~j ? d x r P  G A T T  U V  = 1 per-  
The po in t ing  e r r o r  i s  resolved i n t o  e r rors  i n  r i g h t  ascension and 
Both of t hese  angles  a r e  assumed random with d i s t r i b u t i o n  
0 = 1'. The output 0 of the v e l o c i t y  cor rec t ion  model i s  
The e r r o r s  i n  
The co r rec t ion  t o  t h e  est imated 
c ~ n / s e c ) ~ ]  i n  each a x i s .  These e r ro r s  a r e  added t o  t h e  a c t u a l  values  a t  
t h e  est imated values .  The covariance matr ix  of t hese  e r r o r s  
co r rec t ion  i s  added t o  t h e  P matr ix  @ as follows: 
0 (1 cm/sec12 0 
0 0 (1 cm/sec12 ' + I -  - P, = P, 
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. 
where P,' i s  t h e  value of P, before the  ve loc i ty  i s  cor rec ted .  This com- 
p l e t e s  t h e  v e l o c i t y  cor rec t ion  maneuver. 
process t h e  next space- angle ob servat ion . The computer now continues on t o  
Generation of I n i t i a l  Predict ion Matrices 
To provide t h e  i n i t i a l  p r e d i c t i o n  matrix A( te ; tk)  i n  equation (11) t h e  
systemwas, p r i o r  t o  t h e  a c t u a l  run, commanded t o  run from i n j e c t i o n  t o  the  
end point  without observations or  v e l o c i t y  cor rec t ions .  This r e s u l t e d  i n  a 
t r a n s i t i o n  matr ix  
as an input for t he  a c t u a l  run. 
way fo r  each word length t o  be used. 
O ( t e ; t o ) ,  which w a s  t h e  i n i t i a l  value of 
A d i f f e r e n t  
A ( t e ; t o )  desired 
A ( t e ; t o )  w a s  generated i n  t h i s  
RESULTS AND DISCUSSION 
In  t h i s  sect ion t h e  r e s u l t s  of t h e  e f f e c t s  of reduced computat ionalpre-  
c i s i o n  are presented and discussed. The a reas  t o  be considered a r e :  
1. The e f f e c t  of word length  on earth-moon t r a j e c t o r i e s .  
2.  The e f f e c t  of word length  on the  optimal f i l t e r .  
3. The e f f e c t  of word length on the  e r r o r  propagation model. 
4. The e f f e c t  of word length  on s t a t e  es t imat ion.  
5 .  The e f f e c t  of word length on guidance. 
Effect  of Word Length on Earth-Moon T r a j e c t o r i e s  
I n  order t o  determine t h e  e f f e c t  of word length  on t r a j e c t o r i e s  from the  
e a r t h  t o  t he  moon, t he  aper ture  i n  mask 2 w a s  s e t  t o  t h e  des i red  b i t  length 
while a l l  o ther  masks were s e t  t o  27 b i t s .  The equations of motion for a l l  
t h r e e  t r a j e c t o r i e s  were then numerically i n t e g r a t e d  simultaneously from in jec-  
t i o n  t o  t h e  end poin t  a t  reference p e r i l u n e  without making any observations.  
When the estimated and reference t r a j e c t o r i e s  were compared a t  the  time 
of reference per i lune ,  te, the  range magnitude between t h e  two end p o i n t s ,  
shown i n  f i g u r e  2, gave information showing how p o s i t i o n  e r r o r  increased when 
t h e  prec is ion  was reduced. This curve shows t h a t ,  as p r e c i s i o n  i s  reduced 
below about 25 b i t s ,  t h e  e r r o r  t h a t  accumulates over t h e  e n t i r e  t r a j e c t o r y  
r i s e s  sharply. This tends t o  l i m i t  acceptable  word lengths  t o  t h e  range from 
25 t o  27 b i t s .  However, reference t o  f i g u r e  2 shows t h a t  a 25-bi t  reference 
t r a j ec to ry ,  f o r  example, would be i n  e r r o r  by 18 km which would be unsa t i s fac-  
t o r y  i n  most cases .  
required f o r  reference t r a j e c t o r i e s .  On t h e  other  hand, es t imated t r a j e c -  
t o r i e s  accumulate e r r o r s  involving t h e  numerical i n t e g r a t i o n  of t h e  equations 
This i n d i c a t e s  t h a t  26 or  perhaps 27 b i t s  would be 
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of motion only between observations and ve loc i ty  cor rec t ions ,  and t h i s  study 
has  shown t h a t  s a t i s f a c t o r y  r e s u l t s  may be expected wi th  p rec i s ions  as low as 
21 b i t s .  
Effect  of Word Length on the O p t i m a l  F i l t e r  
The behavior of t h e  covariance matr ix  P as a func t ion  of word length  
i s  used here as a means of assess ing  the  degradation i n  t h e  performance of t h e  
f i l t e r  as character ized by equations (3) through ( 7 ) .  
t i o n s  involved i n  producing t h e  updated 
observation, t h a t  i s ,  operat ions 0, 0, 0, a, 0, and @ i n  f igu re  1, 
w i l l  be detected by FrmS and Vrms defined i n  equat ions (8) and ( 9 ) .  Error 
de tec t ion  w i l l  cons i s t  of two s teps :  
matr ix  on t h e  updating of i n  equation (3) , and 
second, t h e  e f f e c t  on 
Er ro r s  i n  those calcula-  
P matrix as the  r e s u l t  of making an 
f i r s t ,  the e f f e c t  of t h e  t r a n s i t i o n  
P ( t k )  from time tk-= t o  t k  
P ' ( t k )  i n  equation ( 7 )  w i l l  be shown. 
Effec t  of t r a n s i t i o n  matr ix  on t h e  updating of P ( tk ) . -  I n  t a b l e  111 the 
N 
q u a n t i t i e s  f o r  bo th  16 and 27 b i t s  a r e  given j u s t  p r i o r  t o  each sequence 
of observations and a f t e r  each ve loc i ty  correct ion.  Rela t ive ly  long per iods  of 
t ime e lapse  between i n j e c t i o n  and t h e  beginning of t h e  f i rs t  sequence of obser- 
va t ions  and between each ve loc i ty  cor rec t ion  and t h e  succeeding observations 
sequence. If t h e  t r a n s i t i o n  matr ices  f o r  these time per iods  were erroneous f o r  
16 b i t s  it would be expected t h a t  f o r  16 b i t s  would d i f f e r  con- 
s iderably  from i t s  27-bi t  counterpar t  a t  t h e  beginning of t h e  next observation 
f o r  16 and 27 sequence. Referr ing t o  t a b l e  I11 and comparing rrmS and 
b i t s  i n  each row of t h e  t a b l e  before  a ve loc i ty  cor rec t ion  and a t  the  beginning 
of t h e  next observation sequence shows c l ea r ly  t h a t  t r a n s i t i o n  matr ix  e f f e c t s  
a r e  qu i t e  small. 
rrmS 
Frms and Vrms 
- 
r m s  
E f fec t  of p rec i s ion  on ~ ' ( t k ) . -  With the computation of ~ ' ( t k )  i n  equa- 
t i nn  (7) t h e  o-pt~irnel f i l t e r  ca l cu la t ions  a r e  complete. 
cant  e r r o r s  due t o  reduced p rec i s ion  i n  t h e  ca lcu la t ions  leading up t o  
computation of P ' ( t k ) ,  it would be reasonable t o  expect t h a t  a s e r i e s  of 
observat ions taken c lose  together  would lead t o  ser ious  e r r o r s  i n  
r e s u l t s  of four  sequences of observations i n  which t h e  observations were taken 
c lose  toge the r  i s  given i n  t a b l e  111. 
pared a t  t h e  beginning of an observation sequence and again a t  t h e  ve loc i ty  
co r rec t ion  following t h a t  sequence, it i s  seen t h a t  these  quan t i t i e s  a r e  not 
adversely a f f e c t e d  by t h e  reduct ion of prec is ion  from 27 b i t s  t o  16 b i t s .  
i s ,  t h e r e f o r e ,  concluded t h a t  p rec i s ions  as low as 16 b i t s  would provide 
adequate r e s u l t s  i n  t h e  f i l t e r  computations. 
If t h e r e  were s i g n i f i -  
P ' ( t k ) .  The 
a r e  corn- r m s  However, when Frms and ? 
It 
Effec t  of Word Length on the  Error Propagation Model 
The performance of t h e  system i n  estimating the  e r r o r s  i n  s t a t e  i s  
heav i ly  dependent on t h e  a b i l i t y  t o  cor rec t ly  propagate e r r o r s  a t  one t i m e  i n t o  
corresponding e r r o r s  a t  a l a t e r  time. This operat ion i s  expressed 
11 
w 
mathematically i n  equation (1). 
equation (l), it can be seen t h a t  t he  system w i l l  not "know" the  t r u e  e r r o r  i n  
estimate i f  
propagate from one time t o  the  next.  
Since equation (3)  i s  derived d i r e c t l y  from 
a ( tk ; tk - l )  does not co r rec t ly  represent  t he  way i n  which e r r o r s  
Figure 2 shows t h a t  l a rge  deviat ions of t he  estimated t r a j e c t o r y  from t h e  
reference t r a j e c t o r y  develop f o r  t h e  l a r g e r  reduct ions i n  prec is ions .  
from t a b l e  I11 it was shown t h a t  t h e  
prec is ion .  
way i n  which e r r o r s  propagate.  
Yet, 
P matr ix  w a s  v i r t u a l l y  inva r i an t  with 
Therefore, a ( t k j t k - 1 )  i s  a t  f a u l t  and does not represent  t h e  t r u e  
Since 
and since the  numerical i n t eg ra t ion  subroutine has high i n t e r n a l  p rec i s ion  it 
i s  obvious t h a t  any d i f f i c u l t i e s  with @(tk ; tk- l )  stems from F ( t ) .  The end 
r e s u l t  of using t h e  t r a n s i t i o n  matr ix  derived from equation (17) i s  shown i n  
f o r  t h e  f i g u r e  3. 
case where a l l  t h e  masks had a 16 -b i t  aper ture .  It i s  seen t h a t  Frms and, 
therefore ,  P, i s  much too  conservative t o  adequately represent  i n  a s t a t i s t i c a l  
sense the e r r o r s  i n  es t imate  which a c t u a l l y  ex i s t ed .  A s  a r e s u l t ,  t h e  system 
bel ieves  t h a t  i t s  knowledge of t h e  estimated s t a t e  i s  b e t t e r  than it r e a l l y  i s .  
This causes t h e  optimal f i l t e r  t o  pay less a t t e n t i o n  t o  observat ional  informa- 
t i o n  than it should. 
- - 
Here, r ,  t h e  t r u e  e r r o r  i n  es t imate  i s  compared t o  rrmS 
Appendix B gives  a method f o r  overcoming t h e  d i f f i c u l t i e s  with F ( t ) ,  bu t  
i t s  p r a c t i c a l  value i s  l imi ted  by t h e  requirement of d e t a i l e d  knowledge of t he  
way i n  which the  ind iv idua l  e r r o r s ,  caused by reduced p rec i s ion ,  propagate with 
t ime. For t h i s  reason it w a s  not used i n  t h i s  study but  i s  presented as a 
method t h a t  might be appl icable  t o  a l e s s  complex problem or  i n  t h e  event 
f u t u r e  study should r evea l  a simple model of t h e  propagation of t h e  reduced 
prec is ion  e r ro r s .  
The question of how F ( t )  i s  a f fec ted  by reduced p rec i s ion  i s  answered by 
comparing This 
comparison shows t h a t  some degradation accumulates when te and to a r e  sepa- 
r a t e d  i n  time by as much as 12  hours, bu t  f o r  sho r t e r  per iods  of an hour or  
l e s s  Q(tejt0) i s  e s s e n t i a l l y  inva r i an t  with p rec i s ion .  Therefore, if long 
t r a n s i t i o n  per iods a re  t o  be encountered, p rec i s ions  higher than 16 b i t s  a r e  
required i n  t h e  ca l cu la t ion  of 
O( te ; to)  f o r  1 6  b i t s  with t h e  t r a n s i t i o n  matr ix  f o r  27 b i t s .  
F ( t ) .  
Ef fec t  of Word Length on S t a t e  Estimation 
Through Space- Angle Observations 
Navigation with t h e  system being inves t iga t ed  r equ i r e s  observat ions of 
one or more space angles which a r e  r e l a t e d  t o  t h e  vehic le  s t a t e  through t h e  
space-angle geometry. When an  observer measures these  space angles  wi th  an 
imperfect instrument, t h e  q u a l i t y  of t h e  knowledge gained w i l l  depend on t h e  
combined instrwnent and observer accurac ies .  These a c t u a l  space angles  must 
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then  be f ed  i n t o  a computer. 
by the  computer i s  dependent on i t s  word length.  
p rec i s ion  i s  cont ro l led  by mask 3. 
The p rec i s ion  w i t h  which t h e  angles  a re  accepted 
I n  t h i s  simulation, t h e  input  
E f fec t  of t h e  space angles.-  Two computer runs were made i n  which mask 3 
was 27 b i t s  i n  one and 16 b i t s  i n  t h e  o ther .  A l l  o ther  masks remained f ixed  a t  
16 b i t s .  The s i m i l a r i t y  of these  runs was such t h a t  t h e  maximum p o s i t i o n  
devia t ion  between t h e  two estimated t r a j e c t o r i e s  w a s  approximately 11 km. This  
i n d i c a t e s  t h a t  b i t s  of lower s ign i f icance  than 16 i n  t h e  space angles  tend t o  
be ignored i n  t h e  updating of t h e  estimated s t a t e .  This implies t h a t  l i t t l e  or 
no improvement i n  t h e  est imated s t a t e  can be expected from increasing the  pre-  
c i s i o n  of t h e  space angles  unless  t he  prec is ion  of 
This l o s s  of t h e  lower order b i t s  r e s u l t s  i n  a considerable loss of system sen- 
s i t i v i t y  t o  p o s i t i o n  e r r o r s  s ince t h e  quant izat ion e r r o r  i n  t h e  16th  b i t  i s  
qu i t e  l a rge  i n  terms of seconds of a rc .  
K(tk) i s  a l s o  increased. 
Ef fec t  of t he  P matrix.-  The e f f e c t  of a conservative P ( t k )  matr ix  on 
t h e  cor rec t ion  of t h e  est imated s t a t e  a t  @ i n  f i g u r e  1 may be seen from t h e  
following s impl i f ied  example: Suppose the  s t a t e  vector  i s  a 1 X 1 and only one 
va r i ab le  i s  being observed. 
t h a t  t h e  output vector a t  @ i n  f igu re  1 i s  t h e  column matrix 
co r rec t ion  t o  t h e  estimated s t a t e  a t  @ i s  K( tk)a  which, from equation ( 6 )  
using 1 X 1 matr ices  and dropping t h e  subscr ipt ,  t k ,  i s  
Then a l l  t h e  matrices a r e  1 X 1. Suppose a l s o  
a. Then t h e  
~ a =  PH a = -  1 ' a  
P + Q / H ~  PH2 + Q H 
A t  time t k  both H and Q are constants.  Sketch (a) shows how K, and the re -  
f o r e ,  t h e  cor rec t ion  t o  t h e  estimated state increases  with increasing P. 
I 
0 0 20 30 40 50 60 
;Tz ;iz i7 7 7 77 
Y I I 1 I I I 
Sketch (a) 
, 
Therefore, a P matr ix  which i s  t o o  
conservative w i l l  always r e s u l t  i n  t o o  
small a cor rec t ion  t o  t h e  estimated 
s t a t e  even if t h e  a c t u a l  space angles  
a r e  s u f f i c i e n t l y  accurate .  
Errors i n  cor rec t ing  t h e  e s t i -  
mated s t a t e . -  When t h e  P matr ix  i s  a 
very conservative est imator  of t h e  
ex i s t ing  e r r o r s  and t h e  K matr ix  
causes l a rge  numbers of t h e  l e a s t  s ig-  
n i f i can t  b i t s  from t h e  space angles  t o  
be ignored, e r r o r s  i n  t h e  estimated 
s t a t e  may accumulate r ap id ly  with each 
addi t iona l  observation, This s i t u a t i o n  
i s  shown i n  f i g u r e  4 where very l a r g e  
peaks develop i n  t h e  midcourse region 
where t h e  r a t e  of change of t h e  space 
angles i s  low. 
. 
Figure 5 i s  a p l o t  of F f o r  t h e  16 -b i t  case shown i n  f i g u r e  4. 
Included are p o i n t s  before  and a f te r  each observation r a t h e r  t han  only a f t e r  
each observation as i n  previous p l o t s .  The growth of e r r o r s  between observa- 
t i o n  sequences i s  a l s o  shown. 
some of the observations i s  t o  a c t u a l l y  make t h e  estimated s ta te  worse. When 
observations are switched from one body t o  another i n  t h i s  region, t h e  space- 
angle differences are l a r g e  because of the l a r g e  dev ia t ion  between t h e  a c t u a l  
and estimated s t a t e .  The f i r s t  observation of t h e  moon i s  t h i s  sequence 
(observation 20) was made wi th  a most dramatic drop i n  
moon observation w a s  so e f f e c t i v e ,  an  e r r o r  e l l i p s o i d  i s  used. 
Inspect ion of f i g u r e  5 shows t h a t  the e f f e c t  of 
r". To examine why a 
When the P 
equation (lo), the submatrix P, 
e r r o r  e l l i p s o i d  of p o s i t i o n  and, s imi l a r ly ,  P, 
The r e l a t i v e  magnitude and d i r e c t i o n  of t h e  axes represent  t h e  r e l a t i v e  magni- 
t udes  and d i r e c t i o n s  of t h e  unce r t a in ty  a t  t h e  p a r t i c u l a r  vehicle  p o s i t i o n  i n  
space. 
matr ix  i s  p a r t i t i o n e d  i n t o  four 3 X 3 submatrices as i n  
may be represented as a three-dimensional 
an  e r r o r  e l l i p s o i d  of ve loc i ty .  
Changes t o  t h e  e r r o r  e l l i p s o i d ,  as t h e  r e s u l t  of an observation, are 
F i r s t ,  except when near t h e  observed body, t h e  major 
i nd ica t ive  of t h e  knowledge gained from t h e  observation. 
changes are twofold. 
axis of the e l l i p s o i d  tends t o  a l i n e  i t s e l f  wi th  t h e  vector  t o  t h e  observed 
body. Second, a reduct ion i n  t h e  e l l i p s o i d  volume occurs s ince ,  by equa- 
t i o n  (7), an observation r e q u i r e s  t h a t  t h e  
unchanged. 
l a r g e  correct ion t o  t h e  estimated s ta te .  
I n  p a r t i c u l a r ,  t hese  
P matr ix  must be reduced or  l e f t  
Also, a l a r g e  reduct ion i n  t h e  volume of an  e l l i p s o i d  implies  a 
Figure 6 shows t h e  p o s i t i o n  e r r o r  e l l i p s o i d  b o t h  before  and after obser- 
va t ion  20. Included are vectors  i nd ica t ing  d i r e c t i o n s  from t h e  vehicle  t o  
both the e a r t h  and t h e  moon. Because of t h e  immediately preceding fou r  e a r t h  
observations, t h e  major a x i s  i s  only 10' from t h e  vehic le -ear th  vector  and t h e  
e l l i p s o i d  i s  q u i t e  elongated. A s  a r e s u l t  of t h e  moon observation, the elonga- 
t i o n  i s  considerably reduced and the  volume i s  reduced by a f a c t o r  of 2.46. 
The o r i e n t a t i o n  of the e l l i p s o i d  i s  skewed toward t h e  vehicle-moon vector .  
I n  summary, t h e  computation of t h e  space angles  wi th  p r e c i s i o n s  g r e a t e r  
P 
than t h a t  employed by t h e  K matr ix  w i l l  not  improve t h e  a b i l i t y  t o  c o r r e c t  
t h e  estimated state by a s i g n i f i c a n t  amount. Furthermore, t h e  e f f e c t  of a 
matr ix  which i s  t o o  conservative an est imator  of t h e  e x i s t i n g  e r r o r s  i s  t o  
cause the K matr ix  t o  give t o o  low a weight t o  space-angle information. T h i s  
r e s u l t s  i n  co r rec t ions  t o  the estimated state which are t o o  small a t  each 
observation. The conservatism of t h e  P matrix may be remedied by co r rec t ing  
t h e  error propagation model o r  by augmenting the f i l t e r  computation as 
out l ined i n  appendix B. 
E f f e c t  of Word Length on Guidance 
The evaluat ion of t h e  e f f e c t  of p r e c i s i o n  on guidance w a s  made by con- 
s ider ing t h e  e f f e c t s  on t h e  ind ica t ed  v e l o c i t y  c o r r e c t i o n  vec to r ,  AVG, due t o  
. * 
t he  estimated s t a t e  and the  p red ic t ion  submatrix, A,. 
way i n  which reduced p rec i s ion  a f f e c t s  t h e  ac tua l  s t a t e  through t h e  ve loc i ty  
correct ions.  
A l s o  considered i s  t h e  
Effec t  of p rec i s ion  on A.VG.- Figure 7 shows t h e  magnitude of AVG a t  
each observation and ve loc i ty  cor rec t ion  f o r  16, 18, and 27 b i t s .  The separa- 
t i o n  of t h e  curves f o r  t h e  th ree  d i f f e r e n t  prec is ions  a t  t h e  time of t h e  f i r s t  
ve loc i ty  cor rec t ion  (12 hours) i s  shown t o  d i f f e r  from t h e  27-bi t  value.  
separa t ion  a t  t h i s  time increases  r ap id ly  as  t h e  p rec i s ion  i s  reduced and i s  
t o  be expected because of t h e  dependence of AVG on 2 given i n  equat ion (14). 
The separa t ion  of t h e  t h r e e  curves a t  sub sequent ve loc i ty  cor rec t ions  should 
be expected t o  increase because immediately a f t e r  t h e  f i r s t  ve loc i ty  correc- 
t i o n ,  i f  it were pe r fec t ,  OVG would be ze ro .  The execution of AVG w a s ,  
however, not p e r f e c t  bu t  a t  l e a s t  t h e  point ing and cu tof f  e r r o r s  i n  each case 
were t h e  same except f o r  t h e  number of least s i g n i f i c a n t  b i t s  discarded by t h e  
masking. Therefore, t h e  growth i n  t h e  magnitude of AVG i n  t h e  time per iod  
between a ve loc i ty  cor rec t ion  and t h e  next observation i s  due t o  t h e  e r r o r s  i n  
determining 2 and t h e  e r r o r s  i n  executing the  ve loc i ty  cor rec t ion .  
The 
It i s  i n t e r e s t i n g  t o  note t h a t  t h e  e r r a t i c  behavior of ~ A V G ~  
reduced with t ime u n t i l  about 74.5 hours i n  t he  18-b i t  case ,  A t  t h i s  po in t ,  
a sharp dip began and w a s  followed a shor t  time l a t e r  by a second even sharper 
d ip .  Since t h e  computation of AVG depends on t h e  behavior of A;’, a p l o t  
of t he  determinant of 82 w a s  made and i s  shown i n  f i g u r e  8. Clear ly ,  t h e  
pecu l i a r  behavior of t h e  18-bit  case with an  18-b i t  p red ic t ion  matr ix  w a s  
assoc ia ted  wi th  a l a rge  dip during which the determinant of A2  w a s  negative 
f o r  a shor t  while. Also shown i s  t h e  unusual behavior of t h e  16-b i t  case when 
a 16-bit  p red ic t ion  matr ix  w a s  used. 
time a f t e r  36 hours and remains so  throughout t h e  remainder of t h e  run. 
i s  rap id ly  
Here, t he  curve becomes negative some- 
The pecu l i a r  behavior of t h e  determinant of A 2  may be explained as f o l -  
lows: If i n f i n i t e  p rec i s ion  were used, t h e  product of a l l  t h e  ind iv idua l  
t r a n s i t i o n  mat r ices  between observations and ve loc i ty  co r rec t ions  would be 
given by 
e 
i= 1
n o( t i ; t i - l )@to; to)  = We;t0) = A ( t e ; t o )  (19) 
and 
@(to;to) = I
It i s  obvious t h a t  a t  t h e  end po in t  the  pred ic t ion  matr ix  under these  i d e a l  
condi t ions  i s  given by 
If 
A, = A3 = 0. 
equal  A ( t e ; t o ) .  
t i o n  matrices which have been generated from exact i n i t i a l  condi t ions by numer- 
i c a l  in tegra t ion  over successive short-t ime in te rva ls  y i e l d s  a d i f f e r e n t  f i n a l  
r e s u l t  t han  a t r a n s i t i o n  matr ix  in tegra ted  from exact i n i t i a l  condi t ions over 
a time per iod  which i s  t h e  sum of t he  successive short-time in t e rva l s .  There- 
f o r e ,  a t  t h e  end po in t  A, and A, do not equal I and a l s o  A, and A, do not 
equal  zero because of accumulated e r ro r s .  
po in t ,  these  e r r o r s  dominate the  s i t u a t i o n  more and more with t h e  dominance 
occurring e a r l i e r  as t h e  p rec i s ion  i s  reduced. 
of t h e  16- and 18-b i t  cases  i n  f igu re  8. 
A 
16-bi t  case using a 27-bit  i n i t i a l  p red ic t ion  matr ix  and t h e  27-bi t  case using 
a 27-bit A matrix with the  16-b i t  case r e s u l t s  i n  a curve which i s  qu i t e  
s imilar  t o  the 27-bit  case i n  which a 27-bit  s t a r t i n g  A matrix i s  used. 
(Note t h a t  determinant of A2 
expected i f  i n f i n i t e  prec is ion  had been used.)  
A,, AE, A3, and A, are 3 X 3 submatrices, then Al = A4 = I and 
I n  general ,  however, t h e  l e f t  s ide  of equation ( 1 9 )  does not 
This i s  because t h e  product of ind iv idua l  piecewise t r a n s i -  
As t h e  t r a j e c t o r y  nears  t h e  end 
This can be seen by comparikon 
The e f f e c t  of subs t i t u t ing  an i n i t i a l  
matrix generated with 27-bit  p rec i s ion  may a l s o  be seen by comparing t h e  
i s  not zero a t  t h e  end po in t  as would be  
The e f f e c t  on guidance due t o  the use of a 16- and 27-bi t  A matrix i s  
given i n  t a b l e  I V .  Here it i s  seen that the  r e s u l t s  with the  27-bit  A matrix 
are general ly  b e t t e r .  Furthermore, a t  the  end po in t  t he  r e s u l t s  are markedly 
d i f fe ren t  a s  would be expected because of t h e  negative determinant of A2 a t  
the  time of t h e  t h i r d  cor rec t ion .  
Effect of guidance e r r o r s  on t h e  a c t u a l  s t a t e . -  AI-though the a c t u a l  t ra-  
jec tory  was computed i n  full prec i s ion ,  it i s  a f f ec t ed  by t h e  est imated s ta te  
through ve loc i ty  cor rec t ions .  
case. I n  column 2 i s  shown t h e  e f f e c t  of reducing t h e  p rec i s ion  of the e s t i -  
mated t r a j ec to ry  t o  16 b i t s  (mask 2)  when a l l  other  masks were s e t  t o  27 b i t s .  
Column 3 shows the e f f e c t  when a l l  masks have 16-b i t  aper tures  except f o r  
mask 2 which w a s  27 b i t s .  
16-bi t  aper tures  but  d i f f e r e n t  s t a r t i n g  p red ic t ion  (A) matrices .  
p red ic t ion  matrices w e r e  27 b i t  except f o r  t h e  case shown i n  column 5 where a 
16-bi t  s t a r t i n g  p red ic t ion  matr ix  w a s  used. I n  a l l  columns t h e  magnitude of 
r , lr I , i s  given along with I ? [ ,  t h e  magnitude of 9. The quan t i ty  
i s  included because IrI depends on t h e  previous value of 9. Referr lng t o  
equation (14)  we see t h a t  t he  r e s u l t s  i n  column 2 show the  e f f e c t  of on t h e  
a c t u a l  s t a t e  and on t h e  estimated s ta te .  Similar ly ,  c o l m  3 shows t h e  e f f e c t  
of reduced prec is ion  on t h e  computation of Column 4 shows t h e  combined 
e f f e c t s  of prec is ion  on 2 and on AZ1A,. Column 5 shows, i n  add i t ion  t o  t h a t  
shown i n  column 4, t h e  add i t iona l  e f f e c t  on 
predic t ion  matrix. 
Table V shows i n  column 1 t h e  standard 27-bi t  
Columns 4 and 5 show t h e  cases  when a l l  masks had 
All s t a r t i n g  
f 
ALIA1. 
Al1A1 of a 16-b i t  s t a r t i n g  
16 
The end-point r e s u l t s  f o r  c o l m s  2,  4, and 5 a r e  obviously unsa t i s fac-  
t o r y  from a guidance po in t  of view. Column 3 i s  somewhat questionable and i n  
genera l  would be considered unsa t i s fac tory .  To improve t h e  r e s u l t s  i n  column 
3 would r equ i r e  g rea t e r  p rec i s ion  i n  forming Al1A,. 
I n  summary, t h e  p red ic t ion  matr ices  generated with p rec i s ions  of 18 b i t s  
and lower should not be used. 
always be used i f  ava i lab le .  Computation of ALIA, i n  t h e  guidance equation 
should be done with t h e  aper ture  i n  mask 5 no l e s s  than 20 b i t s .  
In  f a c t ,  a 27-bit p red ic t ion  matrix should 
corn LUSIOMS 
The r e s u l t s  of t h i s  study show t h a t  s a t i s f a c t o r y  performance of t h e  
navigat ion and guidance scheme proposed i n  NASA TN D-1208 and NASA TR R-135 
can be accomplished a t  g r e a t l y  reduced prec is ion  i n  some genera l  a r eas  and 
with l e s s e r  reduct ions i n  o thers  provided t h a t  t h e  increased e r r o r s  a r e  prop- 
e r l y  accounted f o r .  This should allow similar simulations t o  be c a r r i e d  out 
by computers using g rea t e r  prec is ion  only i n  c e r t a i n  c r i t i c a l  areas r a t h e r  
than  throughout t h e  e n t i r e  simulation a s  would have been required here tofore .  
The genera l  a r e a s  and t h e  corresponding p rec i s ions  required a r e  as fol lows:  
1. 
b i t s  (mask 2) .  
The p rec i s ion  of t h e  estimated t r a j e c t o r y  must be about 2 1  t o  27 
2. Reference t r a j e c t o r i e s  requi re  a prec is ion  of 26 or  27 b i t s .  
3. The computations embodied i n  t h e  optimal f i l t e r  may be computed with 
p rec i s ions  as low a s  16 b i t s  (mask 1). 
4. The t r a n s i t i o n  matr ix  O(tk;tk-l) (cont ro l led  by mask 4) may be 
der ived f r o m  F ( t )  where 16-b i t  p rec i s ion  i s  used. However, i f  t k  and t k - l  
a r e  widely separated i n  time, t h e  prec is ion  should be increased. 
$ ( tk ; tk -  ,) to pq , r e sec t  t h e  co r rec t  e r r o r  p - q a g z t i n n  mnd-e~. rpqiJ.i_rps tha t  
F ( t )  and/or t h e  f i l t e r  computations be augmented t o  take  i n t o  account t h e  
increase  i n  uncer ta in ty .  
For 
5 .  Increas ing  t h e  p rec i s ion  of t he  space-angle computations (mask 3) 
over t h a t  employed by t h e  weighting matrix,  K, w a s  found t o  produce only a 
neg l ig ib l e  improvement i n  the  estimated s t a t e .  
6. The e f f e c t  of a P matr ix  which i s  t o o  conservative an es t imator  of 
t h e  e r r o r s  i n  t h e  est imated s t a t e  is  t o  cause t h e  weighting matrix,  K, t o  give 
t o o  l i t t l e  weight t o  space-angle information. 
build-up of very l a r g e  e r r o r s  i n  t h e  estimated s t a t e .  
This can cont r ibu te  t o  t h e  
7. P red ic t ion  matr ices  generated with p rec i s ions  of 18 b i t s  and lower 
should not  be used. If ava i lab le ,  27-bi t  p red ic t ion  matr ices  should be used. 
The computation of AilA, 
mask 5 g r e a t e r  than  about 20 b i t s .  
i n  t h e  guidance should be done with t h e  aper ture  i n  
8. The above conclusions lead  t o  t h e  f u r t h e r  conclusion t h a t  t h e  
previous s tud ie s ,  which used 27-bi ts  p rec i s ion  throughout, were done with ade- 
quate prec is ion ,  
Ames Research Center 
National Aeronautics and Space Administration 
Moffett F ie ld ,  C a l i f . ,  Jan. 10, 1966 
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APPFNDIX A 
WORD IENGTH REDUCTION 
I n  FORTRAN 11, f loa t ing-poin t  ar i thmetic  i s  used throughout (except f o r  
indexing and bookkeeping) t o  maintain t h e  decimal po in t  of numbers automati- 
ca l ly .  I n t e r n a l l y  t h e  IBM 7094 uses  f loa t ing-poin t  b inary  numbers which are 
presented as a signed proper f r a c t i o n ,  ca l led  t h e  mantissa,  t imes some i n t e -  
g r a l  power of 2, c a l l e d  t h e  c h a r a c t e r i s t i c  or exponent. 
pu te r  word i s  36 b inary  b i t s , l  made up, from l e f t  t o  r i g h t ,  of a s ign  of t h e  
mantissa,  an  8 - b i t  c h a r a c t e r i s t i c ,  and a 27-bit  mantissa. 
which a number may be represented may be var ied  by changing the  number of 
b inary  b i t s  i n  t h e  mantissa where 27 i s  the maximum. 
The number or com- 
The p rec i s ion  with 
The func t ion  of t h e  mask i s  t o  specify i n  t h e  Boolean "and" operat ion t h e  
number of successive l e a s t  s ign i f i can t  b i t s  of t h e  mantissa t o  be s e t  t o  zero. 
This i s  done by p lac ing  i n  the  corresponding b i t  of t h e  mask a 1 where a b i t  
i s  t o  be r e t a ined  and a 0 where a b i t  i s  t o  be discarded. The following 
sketch i l l u s t r a t e s  a masking operat ion i n  which a f loa t ing-poin t  number, A, i s  
t o  be t runca ted  from 27 t o  23 b i t s .  
B, and t h e  t runca ted  result i s  C,  then  the masking operat ion may be described 
by t h e  Boolean expression 
11 11 
11  11 
If i n  the sketch t h e  mask i s  t h e  number, 
A*B = C 
where t h e  Ir*" i s  t h e  "and" operator .  
Thus, t h e  "and'' operat ion p l aces  b i t  by b i t  a ''1" i n  C i f  bo th  A and 
B conta in  a "1," otherwise C i s  s e t  t o  "0." The ne t  e f f e c t ,  then,  i s  t o  
r e t a i n  t h e  b i t s  of A where t h e  corresponding b i t  i n  B i s  a "1." 
'Reference Manual IBM 7094 Data Processing System. 
AP€'EI!DIX B 
CORRECTION OF P MATRIX TO COMPENSATE FOR INCORRECT 
ERROR PROPAGATION MODEL 
I n  order t o  co r rec t  t h e  I? matrix t o  compensate f o r  i nco r rec t  e r r o r  
propagation model, suppose t h e  equations of motion f o r  deviat ions from t h e  
reference i n  t h e  27-bit  case are given by t h e  l i n e a r  d i f f e r e n t i a l  equation 
j :  = Fx 031) 
where 
6X 
x=[; 
and t h e  
c i s i o n ,  it i s  assumed t h a t  t h e  equations of motion have a term missing which 
so  t h a t ,  f o r  t h e  may be accounted f o r  by t h e  add i t ion  of t h e  t e r m  
16 -b i t  case which w i l l  be used h e r e a f t e r  as an  example, equation (B1) becomes 
6 ' s  represent  deviat ions from t h e  reference.  Now, i n  reduced pre-  
FP xp 
Here i s  some s t a t e  vector  which i s  not updated and i s  a c t i v e  only from 
one observation t o  t h e  next; 
functions of time and the  p r e c i s i o n  of t h e  i n t e g r a t i o n  of t h e  equat ions of 
motion. The t r a n s i t i o n  matr ices  016 and lr16 are found from: 
"p i s  a matr ix  whose elements are assumed t o  be FI? 
where Q ( T ~ )  and @ ( T ~ )  represent  t h e  proper  i n i t i a l  cond i t ions .  
20 
The deviat ions a t  some l a t e r  time, t ,  can now be found from the 
expressions 
and 
kt x be the  vector sum of 2 and iT. where 2 i s  t h e  est imate  of x, and 
x i s  the  e r r o r  i n  the  est imate  of x.  Thus, ., 
To simplify w r i t i n g  t h e  following equations,  l e t  
Sketch (b)  i s  a vector diagram showing the  ac tua l ,  estimated, and r e f e r -  
ence s t a t e s  a t  times to and t .  The s t a t e  a t  t i s  the  r e s u l t  of numerical 
in tegra t ion  of t he  equations of motions 
d i t i ons  a t  to. When 27-bi t  p rec is ion  
i s  used, t he  estimated s t a t e  a t  t i s  
shown as the  poin t  E ~ t ~ ~ ( t ) .  The 
estimate of 
vector from the  reference s t a t e ,  R e f i t ) ,  
t o  E ~ t ~ ~ ( t ) .  The e r r o r  i n  the  es t i -  
mate ,  EZ27(t), i s  the  vector from 
E s t Z 7 ( t )  t o  A ~ t ~ ~ ( t )  i n  accordance w i t h  
equation (B8b) .  
when 16-bi t  p r e c i s i o n  i s  used, t he  
estimated s t a t e  a t  t i s  shown as the  
t i o n  of equation (B8a) does not y i e l d  
it yie lds  the  s t a t e  a t  
Est,&) from to t o  t using the  i n i t i a l  con- 
~ 2 7 ( t ) ,  G Z 7 ( t ) ,  i s  t he  
On t h e  other hand, 
Ref (lo) Ref(t1 point  E s t l , ( t ) .  I n  t h i s  case, appl ica-  
Sketch (b )  ~ 2 7 ( t ) ,  t he  t r u e  s t a t e  a t  t .  Instead,  
Actl,(t) which 
$(t) because of the i n a b i l i t y  of equation (B6) t o  produce the  i s  i n  e r r o r  by 
t r u e  e r r o r  vec tor ,  x",( t )  which i s  given by 
21 
. 
and, as seen from sketch ( b ) ,  i s  r e l a t e d  t o  t h e  t r u e  s ta te  by 
X J t )  = A 16 (t)  + ( B 1 1 )  
The t r u e  covariance matr ix  of t h e  e r r o r  i n  estimate i s  defined as 
P c ( t )  = E[ZCZcT] (B12)  
When (B10) i s  subs t i t u t ed  i n t o  ( B 1 2 )  
L e t  
Now ( B l 3 )  becomes 
- 
The matrix C g ives  t h e  c o r r e l a t i o n  of t h e  vec to r s  x16 and 5. Therefore, 
C must be updated i n  order t o  r e f l e c t  t h e  change i n  2 due t o  i t s  t ransla-  
t i o n  i n  t i m e  from to t o  t .  Thus, a t  t i m e  t ,  equat ion (~16) becomes 
(B19)  
22 
= Q l 6 C ( t , h l 6  T + $ 1 6 D ( t o h T  
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(B2O) 
Returning t o  sketch ( b ) ,  t h e  s i t u a t i o n  i s  shown where t h e  th ree  t r a j e c -  
t o r i e s  ( reference,  ac tua l ,  es t imated)  have been in tegra ted  from to t o  t ,  but  
only k-1  observations have been made. When t h e  k t h  observation i s  made a t  
t i m e  t both P,( t )  from (~18) and C ( t )  f rom ( B 2 0 )  include information only 
from t h e  previous k-1  observations.  
Therefore, t o  avoid confusion, it i s  
desirable  t o  p lace  an add i t iona l  sub- 
s c r i p t  on t t o  ind ica t e  whether or  
not updating has taken p lace .  Thus, 
P(tk-,) and C(tk-l) must be updated t o  
time t k  t o  include t h e  new knowledge 
gained from t h e  k t h  observation. 
mated s t a t e  t o  be corrected as shown 
x27('k)'x27('k-l) This new knowledge allows the  e s t i -  
Sketch ( e )  i n  sketch ( e ) .  
With P,(tk-,) known, Pc ( tk )  i s  computed from the  usua l  equation 
where 
and a l s o  
From reference 3, t h e  a c t u a l  observed space angles ,  y ,  a r e  given by 
where 
space angles,  f ,  i s  given by 
q ( tk )  i s  the e r r o r  i n  measuring the angles .  The est imate  of t h e  same 
The new est imate  of t he  s t a t e  a t  time tk i s  from reference 3 
Subs t i tu t ing  (B28) i n t o  (B24) and using (B23) y i e l d s  
which i s  t h e  equation f o r  updating Zc from t i m e  t k - l t o  t k .  Before pro- 
ceeding with t h e  der iva t ion  of 
such t h a t  
C ( t k ) ,  it i s  noted t h a t  q ( tk )  i s  a vector  
0330) 
T 
Q(tk) = E[q(tk)q (%,)I 
where 
assumed t o  be a known funct ion of time. 
and 
Q ( t k )  i s  t h e  covariance matr ix  of t h e  observa t iona l  e r r o r s  and i s  
Also,  it w i l l  be assumed t h a t  q ( t )  y p ( t )  are uncorrelated which r e s u l t s  i n  
( B 3 0  
T 
E[q(tk)xp ( tk - l ) l  = 
Now, t o  f i n d  
and using equation (B31) it i s  found tha t  
C ( t k )  equation (B2g) i s  s u b s t i t u t e d  i n t o  equation (Blg) 
,- -. 
To f i n d  t h e  corrected P matrix,  Pc, where the re  i s  increased uncer- 
t a i n t y  due t o  increased e r r o r  i n  t h e  estimated s t a t e ,  t h e  computational s t eps  
a r e  summarized below: 
(1) To update i n  time from to t o  t ,  compute: 
(2) When t i s  t h e  time of an observation tk, then  s t ep  (1) gives  
C ( t k - l )  and P ( t k  l). To update as a r e s u l t  of  t h e  observat ion compute: 
This method allows t h e  P mat r ix  t o  be corrected f o r  e r r o r s  due t o  
reduced p r e c i s i o n  providing 
Unfortunately,  t h i s  may not be easy even f o r  r e l a t i v e l y  simple s i t u a t i o n s .  
Fp and % i n  equation (B3) can be found. 
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TABLE I.- H MATRIX PARTIAIS 
I 
PE 
'E 
a - I 
"EV 
'ZV + 'EV 
2 
- R ~ X ~ ~  
2 112 
R&(R& - RE ) 
I 0 
PM 
RE radius of e a r t h  
-y* 
x& + Yw 2
RM rad ius  of moon 
- 
Rm earth-moon d is tance  = 
. d - 
%V 
x;v + y&J 
ywzMv 
R&(X& + Yw 2 )1/2 
2 
XMV 
x& + Y* 
-RMy* 
Z& - Rm 2 
0 
Moon-vehicle vector = 
27 
Observed 
body 
Earth 
Moon 
TABLE 11. - OBSERVATION ANGLES 
a B 
-sin-’ (2) 
Y 
sin-’ (2) 
sin-’ (2) 
P 
Y 
RE 
= dec l ina t ion  of observed body 
= r i g h t  ascension of observed body 
- _ -  subtended angle of observed body 
2 
= r ad ius  of t h e  e a r t h ,  RM = r ad ius  of t h e  moon 
- 
Rw = moon-vehicle vector  = 
- 
R m  = earth-moon vector  
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TABU 111.- COMPARISON OF Frms AND VUrms FOR 16 AND 27 BITS 
~ 
I 
Frms 9 
km 
48.57 
16.82 
N N N 
v r m s  J r r m s  7 vrrns 9 
m/S km m/S 
4.820 48.62 4.830 
533 16.83 ,533 
I 3 . ~  I A t  t i m e  of f i r s t  
ob servat ion  
T i m e ,  hr 
12 
Comments 
Immediately after 
executing f i r  s t  
veloci ty  c o r r e c t i o n  
I 24 A t  time of s ixteenth observation 
36 
64 
Immediately a f t e r  
executing second 
veloci ty  cor rec t ion  
A t  time of twenty- 
eighth observation 
Immediately after 
executing t h i r d  
veloci ty  co r rec t ion  
I 74 A t  time of t h i r t y -  sixth observat ion 
I 
I 78-84? 1 A t  end p o i n t  
~~~ 
16-bi t  word length I 27-bit word l e n g t k  
TP;BLF: 1V.- MAGNITUDE OF r^ , KM 
A t  time of 
Resumption of  observations a f t e r  
f i r s t  ve loc i ty  cor rec t ion  
(24 hours)  
Resumption of observations a f te r  
second ve loc i ty  cor rec t ion  
(64 hours) 
Reswrrption of observations a f t e r  
t h i r d  ve loc i ty  cor rec t ion  
(74 hours)  
End poin t  (78.847 hours) 
201 I 216 
 
363 72 
259 299 
1177 5 71 
a 
a, u? 
M 
~~ 
0 
M cn 
t- 
t- 
d 
rl 
a3 
rl cu 
a 
a, M 
M 
t- 
a3 
M 
0 
M a a co d 
u? 
ri 
3 
M 
u3 
M 
in 
rl cu cn 3 
co 
u? 
M 
0 
3 cu 0 3 
a 
a, 
il M 
u? 
M 
cu cu 
4- 
a3 cu 
t- 
ri 
3 cu 
a3 
u2 
f 
M 
0 
r i  
a 
a, t- 
cu 
rf 
M 
u? m 
u2 
co 
d 
- 
k 
co 
u? 
M 
M 
cu cu 
d 
UJ 
rl 
t-; cu - 
m 
k 
-tJ kCU m o r i  
k v- 
;=f 
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. 
E 
Y 
#. 
L 
2 
L 
0) 
I L  ' I I I I I I I I I 
26 25 24 23 22 21 20 19 18 17 16 
Word length, binary bits 
Figure 2 . -  Deviation of 121 from t h e  value obtained with 27-bit  p r e c i s i o n  
(earth-to-moon t r a j e c t o r y ) .  
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. 
I( 
Obs I i V C I  
. mmi 50C 
40C 
30C 
E 
Y 
20c 
I oc 
0 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
Obs 20 vc  2 i nn-i 
Obs 28 
I v c 3  
/ 
/ 
/ 
/ 
I 
/ 
/ 
/ 
/ 
I 
/ 
/ 
/ 
I 
I 
/ 
/ 
/ 
/ 
I 
I 
/ 
N 
Earth observations 
CUI Moon observations 
+ Velocity correction 
I 
1 
1 
I 
1 
1 
I 
I 
I 
12 24 36 48 60 72 84 
hr 
Figure 3.- Comparison of r" and Frms for 16 b i t s .  
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ZL 
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a n a l  m mm 4 muam4 
- 
Il Earth observations 
rm Moon observations 
4 Velocity correction 
- 
16 Bits 
- 
I 
- 
27 Bits 
'- 
Obs I 
v c  I 
I 
Obs 20 
I vc 2 
Obs 20 
I vc 3 
600 
500 
400 
E 
+ 
Y - 300 
200 
I O 0  
Il Earth observations 
UII Moon observations 
1 Velocity correction \ ,  
I I I I I I I 
0 12 24 36 46 60 72 t!! 84 
hr 
Figure 5.- r" before and a f t e r  each observation f o r  16 b i t s .  
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E a r t h  
Earth - Moon-Vehicle plane 
Moon Before 
After ------ 
Figure 6.- Pos i t i on  e r r o r  e l l i p s o i d  before  and a f te r  moon observat ion 20. 
. 4 
vc 2 Obs I 0 bs 20 4 V C I  
-mm .1 mnmrn I oc 
Obs 28 vc  3 
U I l  Earth observations 
Moon observations 
4 Velocity correction 
// 
0 
0 
/ 
H' 
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I 84 72 te 12 24 36 48 60 
hr 
Figure 7.- Variat ion of lAVGl w i t h  word lengths  of 16, 18, and 27 b i t s .  
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I 
- 1 0 1 4 ~  
1016 
loi4 
IO'* 
10'0 
N a 
- 108 
'E 0 
z -108 
'c 
0 
c 
0 .I 
C 
L 
+ Q, . 
-1010 
-10 
Obs I O b s 2 0  v c 2  Obs 28 
I vc 3 V C I  
I 
16 Bits --.--- -- . 16 Bits '  \ 
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\ 
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\ 
\A \ \  
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\ 
\ 
\ 
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I 
I 
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Figure 8.- Variat ion of the  determinant of t h e  submatrix A2 with word 
length .  
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